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1. INTRODUCTION 
In his recent papers [l 1, 121, Wielandt has given a very elegant treatment 
of subnormality in finite groups, leading to a number of criteria for a subgroup 
of a finite group to be subnormal. The well-known fact, first proved by Baer, 
that every left Engel element of a finite group lies in the Fitting subgroup, 
appears as a special case of Wielandt’s results; this is because an element of 
finite group lies in the Fitting subgroup if and only if the cyclic subgroup it 
generates is subnormal. 
Wielandt has also extended some of his results to groups satisfying the 
maximal condition on subgroups; our concern here is to extend them to 
groups satisfying Min, the minimal condition on subgroups. As a by-product, 
we obtain some alternative proofs of known results about left Engel elements of 
groups satisfying Min. 
It is appropriate in infinite groups to consider not only subnormal sub- 
groups, but also subgroups belonging to series of a group other than finite 
ones. In particular we shall consider ascendant subgroups. A subgroup H of a 
group G is ascendant in G (written H asc G) if there is an ordinal p and 
subgroups {H,: 01 < p} of G such that H = HO, H, Q H,+,(a: < p), 
f-L = Uacu Ha if p < p is a limit ordinal, and H, = G. We write more 
precisely H 4 PG. If p is finite then His subnormal in G and we write H sn G. 
Our treatment of subnormality will proceed by considering ascendancy 
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first since, as we shall see, it is relatively easy to decide whether a subgroup of 
a group satisfying Min is subnormal, if that subgroup is already known to 
be ascendant. 
Our main subnormality and ascendancy criteria are as follows: 
THEOREM X. Let G be a group satisfying Min and let A be a subgroup of G. 
Then 
(‘) If’ f 
or each g E G, there exists n = n(g) 3 0 and a sequence A, , 
A 2 ,...> A, of generating sets of A such that [g, A, ,..., A,] ,( A, then A asc G. 
(ii) A sn G if and only if there exists an integer n > 0 and for each g E G 
a sequence il, ,..., A, of generating sets of A such that [g, A, ,..., A,] < A. 
THEOREM B. Let G satisfy Min and let A be a subgroup of G. Then 
(i) A asc G if and only if, for each g E G and primary a E A, there 
exists n = n(g, a) 3 0 such that A permutes with A[gsnaJ. 
(ii) A sn G if and only if there exists an integer n 3 0 such that A 
permutes with _il[c~,n~l for all g E G and primary a E A. 
Here by a primary element we mean one of prime power order. If x, y are 
elements of a group G then [x, y] = ~-~y-lxy and we write [x, ay] = I, 
[.-c, n+ly] = [[x, ,y], y] for n > 0. If X, ,..., X:, are subsets of G then 
[X1 , X,] denotes the set of all commutators [x1 , x2] (x1 E X1 , xp E X,J and 
[Xl ,..., X,] = [[Xl ,..., Xnpl], XJ. 
Notice that the condition mentioned in Theorem A (i) is not necessary for 
ascendancy. For example, if G is the wreath product C 1 B of a group C of 
type C,, by an elementary abelian group of order 4 generated by i and j, and 
if .4 = (C, i>, then A asc G as G is hypercentral. But it is not too hard to see 
that there is no sequence A, , A, ,..., A, of generators of A (n 2 1) such that 
[i, z4, , A, ,..., rZ,] S< A. We leave the reader to verify this. However, 
Lemma 2.4 shows that the condition is necessary if A is finitely generated. 
It does not seem easy to formulate a necessary and sufficient condition which is 
like Theorem A(i) and reasonably concise, in the general case. 
It seems worth drawing attention explicitly to some weaker criteria for 
subnormality which follow immediately from Theorem B. We leave the 
reader to formulate the corresponding results for ascendancy, and refer to 
1Vielandt’s paper [ 11, 121, as a source of other criteria of a similar kind. 
COROLLARY Bl. Let A be a subgroup of a group G satisfying Min. Then 
A sn G if and only if there exists an integer n > 0 with at least one of the 
following properties: 
(i) For all g E G and primary a E A, [g, %a] E A. 
60 HARTLEY AND PENG 
(ii) For all g E G and primary a E A, A n (a, g) @ (a, g). 
(iii) For allg E G, A an (A, Au). 
(iv) For all g E G and primary a E A, A Q” (A, A”“). 
Notice that (ii) says that subnormality in groups with Min is a “2-generator” 
property. 
Obviously, all the statements (i)-( iv are true if A Q G. On the other ) 
hand, (i) implies that A sn G, by Theorem B. Clearly (i) follows from (ii) and 
since [g, a, a] = a-[!Jxala E (A, Aa-“), (iv) implies that [g, n+2a] E A for all 
g E G and primary a E A, and hence implies A sn G. Finally, (iv) obviously 
follows from (iii) and hence so does (i). 
It will be clear from the proofs that Theorem B and Corollary Bl remain 
true if [g, na] is replaced by uan(g), where u, is any map of G into itself 
mapping g to a word w(g, a) such that (a, a”) = (a, w(g, a))-for example, 
u,(g) = ag-and u,” is the result of applying U, n times. 
A further obvious corollary of Theorem B extends a result of Ito and Szep 
on subgroups of finite groups which permute with their conjugates. We obtain 
it by taking n = 0 in Theorem B (ii). 
COROLLARY B2. Suppose G satisfies Min and A < G. If A permutes with 
each of its conjugates in G, then A sn G. 
Theorem A may be applied in particular to the case when il = (a) is the 
subgroup generated by a left Engel element a of a group G with Min. This 
means that, for each g E G, there exists n 3 0 such that [g, na] = 1. We find 
immediately that (a) asc G, and so a lies in the Hirsch-Plotkin radical of G 
(see [9, p. 611). If a is a bounded left Engel element of G, which means that the 
integer n above can be chosen independently of g E G, then Theorem A gives 
(a) sn G if G satisfies Min. Thus the normal closure A = aG of a in G is 
a Baer group. By Robinson [9, p. 1551, the center of A has finite index and 
by [9] p. 102, A’ is finite. Since A/A’ is generated by elements of bounded 
order and satisfies Min, it also is finite, and so A itself is finite. Thus we have 
COROLLARY Al. Let G satisfy Min. Then 
(i) Every left Engel element of G lies in the Hirsch-Plotkin radical of G. 
(ii) Every bounded left Engel element of G lies in a$nite nilpotent normal 
subgroup of G. 
These conclusions have been obtained under somewhat weaker hypotheses 
by Martin and Pamphilon [5] and Held [4], respectively. In the last section of 
this paper, we shall see how our methods can be made to yield proofs of their 
results in full generality, and also of a theorem of Peng [6] on left Engel 
elements of groups satisfying the maximal condition on abelian subgroups. 
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As in \Vielandt’s work, all our theorems are obtained by carefully analyzing 
certain extreme situations. 
MAXIMIZER LEMMA I. Let G be a group satisfying Min, and let A be a 
subgroup of G. Suppose that A is not ascendant in G, but A asc H for all 
A < H < G. Then 
(i) -4 is contained in a maximal subgroup M of G. 
(ii) If A < H < G then H < M. In particular M is the only maximal 
subgroup of G containing A. 
(iii) If g E G, then AY ,< M -=g E M. 
We shall call M the Wielandt maximizer of A. Under stronger hypotheses 
its properties are even more striking: 
MAXIMIZER LEMMA 2. With the hypothesis of Maximizer Lemma 1, 
assume further that A n H asc H for all H < G. Let M be the Wielandt 
maximizer of A. Then A contains a primary element a such that, if g E G, then 
1Ve shall deduce Theorems A and B from the Maximizer Lemmas before 
proving the latter. 
Notation. Most of our notation is standard. We mention that AC denotes 
the normal closure in G of a subgroup A of G. A group X is called radicable 
if, for each x E G and integer n > I, the equation y” = x has a solution 
3’ E x. 
2. DEDUCTION OF THEOREMS A AND B 
In both cases, the statements about ascendancy are rather immediate 
consequences of the Maximizer Lemmas. In deducing the results about 
subnormality we shall require a useful fact about the normalizer of an 
ascendant subgroup. It will also be needed in proving the Maximizer Lemmas. 
\Ve state it in rather greater generality than is needed for our immediate 
applications by introducing Min-sn, the minimal condition on subnormal 
subgroups. 
If H satisfies Min-sa, then H has a unique smallest subgroup of finite index, 
which we denote by D(H). Let E(H) = D(H)‘. A group H which satisfies 
Min-sn and has E(H) = 1 will be called a ~ernihov group. Such groups 
automatically satisfy Min. For an arbitrary H satisfying Min-sn, it is easy to 
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see that E(H) is the smallest subgroup X 4 H such that H/X is Cernikov, 
and since the class of Cernikov groups is closed under extensions ([9], p. 69) 
we find that 
LEMMA 2.1. If H satisfies Min-sn, then E(H) = E(E(H)). 
The result we require is analogous to a theorem proved independently by 
Robinson [S] and Roseblade [IO], according to which, if H and K satisfy 
Min-sn and are subnormally embedded in another group, then D(H) 
normalizes K. 
LEMMA 2.2. Let H and K satisfy Min-sn and suppose that H and K are 
ascendant subgroups of a group G. Then E(H) < N,(K). 
Proof. Suppose for a contradiction that the result is false, so that there 
exist ascendant subgroups HO , K, of a group G, which satisfy Min-sn but 
are such that HI = E(H,) does not normalize K, . Among the subnormal 
subgroups of K,, which are not normalized by HI , let Kl be minimal, and let 
Gr = (HI, Kl). By construction, HI normalizes every proper normal 
subgroup of Kl, and hence normalizes also their product L. Therefore 
L < Kl , and clearly L 4 Gi . Letting G = G,/L, H = HIL/L, K = K,L/L 
we now have, using Lemma 2.1, 
H, K asc G. (1) 
H = E(H). (2) 
K is simple. (3) 
H % N,(K). (4) 
From Robinson [8, Lemma 4.3 and Corollary], we obtain 
H q2 G. (5) 
If K = K’, then it follows easily from (1) and (3) that K q2 G. This 
follows by a simple induction on the length of a series connecting K to G, 
using the well known fact that a nonabelian simple subnormal subgroup of a 
group is at most 2-step subnormal. But then H 6 No(K) by the result of 
Robinson and Roseblade mentioned above, and (4) is contradicted. 
Therefore K is cyclic of prime order p, and the normal closure R = KG 
is a locally finite p-group, by (1) and [9] p. 20 according to which the class of 
locally finite p-groups is closed under forming joins of ascendant subgroups. 
Now from (5), we have [x, H] < R A HG = R and [R, H] < K CI H = S, 
a normal locally finite p-subgroup of H. Since H satisfies Min-sn so does S, 
and hence S is Cernikov ([9], p. 171). Now S/D(S) is finite and D(S) is the 
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union of its finite characteristic subgroups; since S Q Hand H has no proper 
subgroup of finite index, it follows that H centralizes S/D(S) and D(S). 
Therefore H’ = H centralizes S. 
Hence H stabilizes by conjugation the series I <i S u R <I i( of k’, and we 
find successively that H’ = H centralizes R and then i7. We now have 
H < NC(K), a final contradiction to (4). 
Lemma 2.2 will be employed in the sequel in the following form: 
COROLLARY 2.3. If G satisfies .Min, then E(G) normalizes eaery ascendaant 
subgroup of G. 
This enables us, in trying to decide whether a given ascendant subgroup of 
a group with Min is subnormal, to work in the Cernikov group G/E(G), and 
so to obtain a considerable simplification. In fact, all we have to consider is the 
interaction between the subgroup in question and the radicable abelian group 
@WE(G). 
It will be convenient to prove Theorem B before Theorem A, and to deduce 
it from a slight variation. 
THEOREM B*. Let G satisfy Min and let A :< G. Then 
(i) iz asc G if and only if, for each g E G and primary a E -4, there exists 
an integer n = n(g, a) 13 0 such that [g, ,a] E A. 
(ii) A sn G if and only if there exists an integer n > 0 such that [g, ,,a] E A 
for all g E G and primary a E A. 
Proof of Theorem B*. We deal with the sufficiency of the conditions for 
subnormality and ascendancy first. 
(i) Suppose that the given condition does not imply ascendancy of 
subgroups of groups with Min, and let G, be a group with Min containing a 
subgroup for which the implication breaks down. Then G, contains a sub- 
group G minimal subject to containing such a subgroup. Let A be a subgroup 
of G which violates the implication. Then we have 
A is not ascendant in G (6) 
but, given g E G and a primary a E A, 
for some n = n(g, a) > 0. 
(7) 
Let H < G. If g E H and a is a primary element of A n H, then in (7) 
above we obtain [g, ,a] E A n H for appropriate n. By the minimality of G, 
we must have A n H asc H. Therefore, by Maximizer Lemma 2, A has a 
481/41/1-s 
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Wielandt maximizer M, and there exists a primary element a E A such that 
a”EMagEM (g E 9. (8) 
Choose x E G - M. By hypothesis, [x, na] E A < M for some n > 0. 
Choosing m minimal subject to the condition [x, ma] E M, we then have m > 0, 
and putting g = [x, ,_,a], we have g q! M but [g, u] E M. Hence a-” E M and 
so a” E M, contradicting (8) and establishing the sufficiency in Theorem B*(i). 
(ii) Suppose that A is a subgroup of a group G satisfying Min, and that 
n > 0 is an integer such that 
k, ~1 E A (9) 
for all g E G and primary a E A. By ( ) i a b ove, we have A asc G, and hence, by 
Corollary 2.3, E = E(G) < N,(A). Therefore A 4 AE, and if x - x is 
the natural homomorphism of G onto G = G/E, then it suffices to prove 
A sn G. Now if g E G and 3 is a primary element of 2, then from (9), 
[g, ,a] E d Therefore we may assume E = I. Then G is Cernikov. 
Let D = D(G). Then AD/D is ascendant and so subnormal in the finite 
group G/D. It is therefore enough to show that A sn AD, and so, without 
loss of generality, we may assume that G = AD. Furthermore, since A CJ D 
is then normal in G, we may pass to G/A n D and assume that A n D = 1. 
Let &c D and let a be a primary element of A. Then from (9), [&, =G] E 
D n A = 1. Therefore [D, ,a] = 1. By well-known properties of radicable 
groups (see for example [9, Lemma 3.13]), or alternatively by Lemma 2.5 
below, we obtain [D, a] = 1. Since this holds for all primary a E A and these 
elements generate A, we find that [D, A] == 1 and so A Q G = AD. This 
completes the proof. 
To see the necessity of the condition in (ii), we note that if A = A, (1 
A n-i 4 .I. =ZJ A, = G and g E G, a E A, then an immediate induction gives 
[g, ma] t A,, for all 0 < m < n. For the corresponding part of(i), we use the 
following well-known fact: 
LEMMA 2.4. Suppose A is an ascendant subgroup of an arbitrary group G. 
Let F be a jnite subset of G and A, , A, ,... be an infinite sequence of jnite subsets 
of A. Then [F, A, ,..., A,] < A for some n > 0. 
Proof. Let {Z’,: 01 < p} be an ascending series from A to G, and let p be 
the least ordinal such that V, contains one of the sets F, = [F, A, ,..., A,] 
(n > 0). We wish to show that p = 0. If not, then as F, is finite, /3 has the 
form 01 + 1 for a suitable ordinal 01. But then, as A,,, < A < V, 4 Va+l , 
we have F,,, = [F, , A,,,] < V, . This contradicts the choice of ,K 
We now deduce Theorem B from Theorem B*. 
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Proof of Theorem B. Th e necessity of the conditions for subnormality and 
ascendancy in Theorem B is immediate from Theorem B*, since if [g, na] E A 
then A certainly permutes with A[g-na I. If the reverse implication of (i) is 
false, then arguing as in the proof of Theorem B*, we find that there exists 
a group G satisfying Min and containing a subgroup A such that 
A is not ascendant in G. 
A asc H if A <H<G. 
and, if g E G and a is a primary element of A, then 
(‘0) 
(11) 
A permutes with A[rr3~ln1 
for some n = n(g, u) > 0. 
(12) 
Let g E G, let a be a primary element of A, and choose n 3 0 such that 
AAIQ**a”l is a subgroup, B say. Since a group cannot be the product of two 
conjugate proper subgroups, we have from (10) that B < G. Hence A asc B, 
from (11). Since [g, IL+la] E B, Lemma 2.4 shows that [g, n+mu] E A for some 
m > 1. Since this holds for all g E G and a E A (with suitable n and m), 
Theorem B*(i) allows us to conclude that A asc G, contradicting (10). Thus, 
Theorem B(i) is established. 
The deduction of Theorem B(ii) uses Corollary 2.3 in the same way as in 
the proof of the second half of Theorem B*. Theorem B(i) gives, assuming 
the existence of an integer n with the property described, that A asc G. 
Arguing as in Theorem B*, we may now assume that G = AD, A n D = 1, 
where D = D(G). Then A is finite. Let m = 1 A j, let g E G and let a be 
a primary element of A. Then AA[- n.nlll = B is a finite group of order at most 
m2. Since A asc G, we have A 4 n’B. Since [g, ,+ru] E B, we have that 
k , n+m+la] E A. Since g is an arbitrary element of G, a is an arbitrary primary 
element of A, and n and m are independent of them, we now may apply 
Theorem B*(ii) to conclude that A sn G, as required. 
The proof of Theorem A proceeds along lines very similar to the above, the 
only complication being that a slightly technical result is needed to deduce the 
second half from the first. 
LEMMA 2.5. Let G be a cernikov group, let D = D(G) and let A < G. 
Suppose that there exists an integer n > 0 and for each d E D a sequence 
A, ,..., A, ofgeneruting sets of A such that [d, A, ,..., A,] < A. 
Then D < N,(A). 
Proof. We may evidently assume without loss of generality that 
G=DA and AnD=I (13) 
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Then A is finite. We first show that 
If D # 1, then A centralizes some nontrivial radicable subgroup of D. (14) 
In fact, suppose that D # 1. Now the number of sequences A, ,..., A, of 
generating sets of A is finite since A itself is finite; since D is infinite, it 
follows that there exists a sequence A, ,..., A, of generating sets of A such that 
[d, A, ,..., A,] = 1 (15) 
for infinitely many d E D. Since successive commutation with any finite 
sequence of elements of A induces an endomorphism of D, the set of all d E D 
satisfying (I 5) is an infinite subgroup of D. Therefore there exists a nontrivial 
radicable subgroup B of D such that [B, A, ,..., A,] = 1. Because of the 
above remark about commutation, [B, a, ,..., a,,,] is a radicable subgroup if 
0 < m < n and ai E A, (1 < i < m). Let m be chosen as large as possible 
so that this subgroup is nontrivial for suitable ai E Ai . By its definition, it is 
centralized by a generating set of A, and so it is the subgroup required by (14). 
To conclude the proof, let L be the largest radicable subgroup of D 
centralized by A, and suppose if possible that L < D. Then by (14) applied 
to D/L, we find that A centralizes a nontrivial radicable subgroup K/L of 
D/L. Let x E K, a E A. We have a r = 1 forsomer > 1,andx =y’forsome 
y E K, as K is clearly radicable. Then 1 = [y, Us] = [y, u]r = [y’, a] = [x, a] 
as a and y both centralize [y, u]. Therefore [K, A] = I, and the choice of L 
is contradicted. Hence L = D and [A, D] = 1, as required. 
Proof of Theorem A. (i) If this is false, then as usual there exists a group G 
satisfying Min and a subgroup A ,( G such that 
A is not ascendant in G (16) 
A asc H for all A < H < G (17) 
and if g E G, then there exists n = n(g) >, 0 and a sequence A, ,..., A, of 
generating sets of A such that 
[g, A, ,..., A,] < A. (18) 
Equations (16) and (17) are the hypotheses of Maximizer Lemma 1. Let 
M be the Wielandt maximizer of A, choose g E G - M, and let A, ,..., A, be 
a sequence of generating sets of A satisfying (18). Then there exists m > 0 
such that [g, A, ,..., A,,] z& M but [g, A, ,..., A,,,] < M. Let h be an 
element of [g, A, ,..., A,] not lying in M. Then [h, A,+J < M and hence 
Ah nZ+l < M. Therefore Ah < M, and Maximizer Lemma 1 gives h E M, a 
contradiction. 
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(ii) The necessity of this condition for subnormality is immediate, as in 
the proof of Theorem B*. 
To see the sufficiency, we first note that our condition obviously implies 
A asc G, by (i) above. Reductions like those used in proving Theorem B(ii) 
then allow us to suppose G = D(G)A, and then Lemma 2.5 gives A 4 G, 
concluding the proof. 
3. PROOF OF THE MAXIMIZER LEMMAS 
We begin by deducing Maximizer Lemma 2 from Maximizer Lemma 1. 
Its hypotheses, being visibly stronger than those of Maximizer Lemma 1, 
immediately imply the existence of the Wielandt maximizer M of A. The 
stronger properties of this maximizer are now obtained exactly as in 
Wielandt [12]. 
We notice first that we may assume 
(19) 
For if L denotes this intersection, then as A asc AL, AL/L = 2 is not 
ascendant in G = G/L. Therefore the hypotheses of the lemma hold in G, 
and since every primary element of G is the natural image of such an element 
in G, its conclusions can be recovered in G if they have been obtained in G. 
We now assume (19). Let B be a minimal subnormal subgroup of A. Then 
and we claim that 
B is simple (20) 
B is not ascendant in G. (21) 
To establish (21), we assume B asc G, and distinguish two cases. If B = B’, 
then in fact B 4 G, as may be deduced from the fact that any two simple 
nonabelian subnormal subgroups of a group normalize each other, by an 
induction on the length of an ascending series connecting B to G. By this same 
property of simple nonabelian subnormal subgroups, B, = BM 4 B, = BC. 
But either B, < M or (M, B,) = G and B, 4 G, in either case contradicting 
(19). The second possibility is that 1 B 1 is a prime p. Then B, = BG is a 
locally finite p-group ([9], p. 20) satisfying Min, and so is hypercentral. Since 
(19) shows that B, = B, n M < B, , we have B, < IV = NB2(B1). Hence 
B, Q (M, N) = G, and (19) is again contradicted. Therefore (21) holds. 
It follows from (20), (21) and Maximizer Lemma 1 that B has a Wielandt 
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maximizer in G, and that this is M. Therefore, we may replace A by B and 
assume that 
A is simple. (22) 
If A = (a) is cyclic of prime order, then Maximizer Lemma I gives 
immediately that us EM if and only if g E M, as required. We therefore 
assume that A = A’. Then 
A = A’ a2 M 
by an argument outlined above. We now show that 
(23) 
If An AQ # 1 thengEM(gEG) (24) 
For if A n AQ # 1, then as AQ is simple and A n AQ is by hypothesis 
ascendant in it, we obtain A = AQ. (Notice that if A is infinite, then A = E(A) 
and so A n AQ u A by Corollary 2.3). Hence g E M by the property of the 
Wielandt maximizer, and (24) holds. 
Next we prove 
IfAnMQ # 1 thengEM. (25) 
The result will then follow by taking a to be any nontrivial element of prime 
power order in A. For if g E G, then 
by (25). 
To establish (25), we require the following normalizing lemma, which is 
familiar in the case H sn G. 
LEMMA 3.1. Let H, K be ascendant subgroups of a group G. Suppose that H 
satisfies Min-sn and K is nonabelian simple. Then K < N,(H). 
If (23) holds and A n MQ # 1, then this lemma gives, since by hypothesis 
A n MQ asc MQ, that AQ < N,(A n MQ). Therefore A n A” 2 A n MQ # 1 
if XE As. By (24) we obtain that AQ < M, and hence from Maximizer 
Lemma 1 that g E M, establishing (25) and with it Maximizer Lemma 2. 
Proof of Lemma 3.1. If this assertion is false, then there exists a counter- 
example G = (H, K) in which K normalizes every proper normal subgroup 
of H but not H itself. Then the product HO of the proper normal subgroups 
of H is normal in G, and by passing to G/H,, , we may assume H simple. 
If H = H’ then H, K ~~ G as we have seen, and K and H normalize each 
other since they are nonabelian and simple. Otherwise H is a p-graph and 
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then so is L = HG. Then L n KG is a normal p-subgroup of KG. But since K 
is nonabelian simple, K q2 G and KG is the direct product of the conjugates 
of K in G; furthermore every normal subgroup of KG is the product of a selec- 
tion of those conjugates. Therefore L n KG = 1 and [H, K] <L n KG = I, 
as required. 
We now embark on the proof of Maximizer Lemma 1. We remark in passing 
that if G is Cernikov, then the required result may be obtained very quickly by 
applying the finite case of the lemma to G/D(G). Thus it is only the possible 
existence of noncernikov groups with Min which necessitates significantly 
more work than the finite case. 
Notice that (iii) of the lemma is immediate from (i) and (ii). For the 
hypotheses imply that M is not normal in G. Hence M = N,(M), and by (ii) 
we have 
The first part of the proof proper consists in showing that A is contained in 
some maximal subgroup of G. This we deduce from 
LEMMA 3.2. Let G be a group satisfying Min, and let {A,,: h E A> be a set 
of subgroups of G, totally by inclusion and each containing a given subgroup A of 
G. Suppose that A asc A,, for all X E A. Then A asc U,,En A, _ 
COROLLARY 3.3. Under the hypotheses of Maximizer Lemma 1, every 
proper subgroup of G containing A is contained in a maximal subgroup of G. 
Proof. If A < H < G, then the hypotheses of Maximizer Lemma 1, 
together with Lemma 3.2, ensure that the union of any totally ordered set of 
proper subgroups of G containing H is itself proper. Therefore Zorn’s 
Lemma gives Corollary 3.3. 
One way of proving Lemma 3.2 is to use the fact that seriality of subgroups 
is a local property [3] and then to observe that a subgroup of a group with Min 
is serial if and only if it is ascendant. 
We shall give an alternative approach which seems rather more instructive. 
We first prove 
LEMMA 3.4. Let G be agroup satisfying Min and let A < G. Suppose that 
A is ascendant in its join with every countable set of conjugates of itself. Then 
A asc G. 
Proof. Suppose the theorem false, and let A < G be a counterexample. 
Among the subnormal subgroups of A which are not ascendant in G choose a 
minimal one, say B. Then it is easy to see that B is ascendant in its join with 
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every countable set of conjugates. Therefore, considering B instead of A, we 
may assume that every proper normal subgroup of A is ascendant in G. Let 
E = E(G). Then E normalizes the product of the proper normal subgroups 
of A, by Corollary 2.3. 
Now if x -+ Y is the natural homomorphism of G onto G = G/E, then G 
is countable, and so the normal closure of 2 in G is generated by countably 
many conjugates of A and is the image of a subgroup of G in which A is 
ascendant. Therefore 2 asc G. Hence A is not ascendant in AE, and we may 
assume without loss of generality that G = AE. Then the product X of the 
proper normal subgroups of A is normal in G, and, passing to G/X, we may 
assume that A is simple. 
As usual, we must now distinguish the abelian and the nonabelian cases. 
If A = A‘, then as A and As are from our hypotheses ascendant in (A, Ag) 
if g E G, we find that they are subnormal in (A, Au) and hence normalize each 
other. Therefore, as this holds for allg E G, we obtain A ~~ G, a contradiction 
in this case. 
If / 4 1 is a prime p, then our hypotheses give that A”l,..., Axe asc 
(Ay.., A”m) for any n > 1 and xi ,..., x, E G. Therefore (AZ1 ,..., A”n) is a 
finite p-group [9, p. 201 and hence AC is a locally finite p-group. But then AC is 
hypercentral and A is ascendant in it and so in G, a final contradiction. 
Deduction of Lemma 3.2. We have a subgroup A of a group G satisfying 
Min, and A is ascendant in each of a totally ordered set (A,: X E A) of sub- 
groups of G. Let H = UAErl A, . We show that A asc H by using Lemma 3.4. 
Let h, , ha ,... be any sequence of elements of H. Then, if n 3 0, we have 
(A, h, ,..., h,,,) < HA for some h E 11. Therefore Ahi asc HA and, by [8, 
Theorem 4.21, (A, Ah1 ,..., Ah,) asc H, . Hence 
(A, Ahl,..., Ah”) asc(A, Ahl,. . . , Ahn+l), 
from which it follows that A asc (A, Ahl, Ahz,...). Consequently, A asc H by 
Lemma 3.4. 
Corollary 3.3, which we have now established, gives (i) of Maximizer 
Lemma 1, and also shows that, in order to complete the proof of that lemma, 
it suffices to obtain a contradiction from the assumption that we have a 
subgroup A of a group G such that 
A is not ascendant in G, P-9 
A asc H for all A < H < G, (27) 
A < M, n iI&, where Ml , M, are distinct maximal subgroups of G. (28) 
We require an elementary property of ascendant subgroups. 
SUBNORMALITY, ASCENDANCY, AND MIN 71 
LEMMA 3.5. Let U be an ascendant subgroup of an arbitrary group G, and 
suppose that U < H < G. Then either UC < H, or there exists x E G such 
that Ux 4 H but Uuz < H. 
In either case, U” < H for some g E G - H. 
Proof. Suppose that UC $ H, and let {I’, : (Y. < p} be an ascending series 
from U to G. There exists a least ordinal /3 such that Uvfl $ H, and since 
uv* = &<& Uv= for limit ordinals p < p, it follows that ,5 = 01 + 1 for 
some ordinal a < p. Then Uva < H, and U” $ H for some x E V,,, . 
But 112 ~1 V, since U < V, u V,,, , and so U”‘” < Uvh < H. 
The final statement is immediate. 
Assuming now that (26)-(28) hold, we have that N,(A) < G by (26). 
Therefore, by Corollary 3.3 and (28), we may assume that N,(A) < Mi . 
Then 
and A asc Ma . Applying Lemma 3.5, we find that Ag-’ < Ml n M2 for 
some gEMg- Ml. Thus, since (26) and (27) show that Mr is self- 
normalizing, we have A < Ml0 # Ml , and A asc Mig by (27). Corollary 2.3 
now gives that, if E = E(MJ, then Eg = E(M,g) < No(A) < Ml. Since 
Ml/E is abelian-by-finite while Eg is perfect and has no nontrivial finite image, 
we must have Eg < E. Since g has finite order, Eg = E <I (Ml, Mlg) = G. 
A similar argument shows that E(M) < E if A < M < G. Consider now 
the subgroup AE/E of G/E. We have seen that A (i AE. Hence by (26), 
AE/E is not ascendant in G/E. Obviously AE/E is ascendant in every proper 
subgroup of G/E which contains it, and lies in the distinct maximal subgroups 
MJE and M,q/E of G/E. We may therefore assume, by passing to G/E, that 
our counterexample satisfies the further condition 
M is Cernikov if A < M < G. 
Now we show that we may assume even more, namely 
G has no nontrivial radicable abelian normal subgroup. 
(29) 
(30) 
For let P be the product of the radicable abelian normal subgroups of G. 
Now it is well known and easy to see that, in an arbitrary group, every 
periodic radicable abelian normal subgroup lies in the Frattini subgroup (see 
for example [2, Lemma IO]). Hence P < Ml. Therefore AP < Ml, 
A asc AP by (27), and APjP is not ascendant in G/P by (26). It follows easily 
that (26)-(29) are satisfied by the subgroup APIP of G/P, and since G/P has 
no non-trivial radicable abelian normal subgroups, we may assume (30). 
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Now let X be the product of all the finite normal subgroups of G. Then 
1 X : D(X)1 is finite, and since D(X) must induce a finite group of automor- 
phisms on each finite Y 4 G, we find that D(X) centralizes every such Y. 
Therefore D(X) is central in X and is in particular abelian. Since D(X) a G, 
(30) gives D(X) = 1. Consequently X is finite, and if m is its order, then 
1 F 1 < m for every finite F Q G. (31) 
Next we establish a more technical fact about A and G before finally 
obtaining a contradiction. 
There is no strictly ascending tower A = A, u A, 4 ... such 
that each Ai is generated by finitely many conjugates of A and (32) 
lies in two distinct maximal subgroups of G. 
To see this, suppose that such a tower exists, and let B be its union. Then 
B < G since otherwise A asc G, and so Corollary 3.3 gives a maximal sub- 
group M of G such that B < M. By (29), M is Cernikov. Let n = 1 M: D(M)/ 
and choose i so that 1 A, 1 > n2m, where m is given by (31). This is certainly 
possible since the tower (32) is supposed to ascend strictly; we allow the 
possibility that A, is infinite of course. Now Ai < M by choice, and by 
hypothesis lies in another maximal subgroup N of G. Since Ai is the join of 
finitely many conjugates of A, and each of these is by (27) ascendant in every 
proper subgroup which contains it, we obtain from [S, Theorem 4.21 that 
Ai asc N. Applying Lemma 3.5 to the situation A, < N n M < N, we find 
that A%-l < N n M, and hence Ai < MB, for some g E N - M. We have 
M # MB as M = NG(M). 
Now 1 A, : Ai n D(M)1 < / M : D(M)1 = n, and similarly 
j Ai : Ai n T)(Mg)l < 1~. 
Therefore, as / A, / > n2m, we have 1 D(M) n D(Mg)I > m. It follows 
from (29), (30) and (31) that C = D(M) n D(Mg) is not normal in G. But 
K = (A, D(M), D(Mg)) normalizes C as A < M n Mg and D(M), D(Mg) 
are abelian. Hence A < K < G, and K is Cernikov by (29). Since (D(M), 
D(Mg)) has no proper subgroup of finite index it must lie in D(K) and so be 
abelian. Hence II < N,(D(M)). By (30) this normalizer is M, and so 
D(Mg) = D(M)0 < D(M). Since g is periodic we have D(M) = D(M)9 Q 
(M, MS) = G. Therefore D(M) = 1 by (30), and M is finite. But this is a 
manifest contradiction, since M contains a strictly ascending tower of 
subgroups. 
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We are now in a position to obtain a contradiction from (26)-(32). By (26) 
and (32), there exists a subgroup B of G with the following properties: 
A sn B, (33) 
B is generated by finitely many conjugates of A, (34) 
B lies in two distinct maximal subgroups of G, (35) 
If B 4 BA” (X E G) and A” Z& B, then BAz lies in at most one 
maximal subgroup of G. (36) 
Let L and L, be distinct maximal subgroups of G containing B. As A sn B 
but A is not ascendant in G, B is certainly not normal in G, and so is not 
normal in at least one of L and L, . We may assume without loss of generality 
that A is not normal in L. Now B asc L by (34, 27) and [8, Theorem 4.21, 
and if we apply Lemma 3.5 with U = H = A, G = L we find that some 
conjugate of B in L, other than B itself, normalizes B. Therefore, by (341, 
we have 
for some x E G. 
BqBA”<L, A” < B (37) 
Now BA” 4 L, by (36), and hence from (37), N,(B) Z&L, . It follows since 
L, is maximal that B is not normal in L, , and an argument similar to that just 
used yields a conjugate A” of A in G such that 
BqBA”<L 1, As zg L. (38) 
Let N = N,(B), U = BAx, H = N n L. Then H < N by (38), and 
U < H by (37). Since N < G, we have from (27), (34) and [8, Theorem 4.21 
that U asc N. We may therefore apply Lemma 3.5 to see that Us-l < H, 
and hence U < Ho < Ls, for some g EN -L. Since L is clearly self- 
normalizing in G, we have L # Lg, and as U = BAx <L n Lg, (36) is 
contradicted. This completes the proof of Maximizer Lemma 1. 
4. CONCLUDING REMARKS 
The last part of the above argument is essentially that employed by 
Wielandt to prove the finite version of the Maximizer Lemma in [l 11. 
Arguments with a very similar flavour have appeared elsewhere, particularly 
in the theory of Engel elements [4, 5,6] and we have thought it worthwhile to 
conclude by describing a uniform approach to these results. 
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If A is a subgroup of an arbitrary group G, we shall use the term AC-sub- 
group to mean one generated by conjugates of A in G, and use the term 
ac-subgroup similarly if a E G. No confusion with the theory of operator 
groups should arise. We now consider various conditions which may be 
imposed on a family S of AC-subgroups of G. 
We shall say that S is conjugacy expanding if, whenever S E S, g E G, and 
SQ contains a member of S, we have SQ E S. 
We call S a Plotkin family if whenever S E S, x E G and A” normalizes S, 
then SAX E S. The terminology is taken from a result of Plotkin [7], which 
says that if a is a left Engel element of a group G, then the set of all locally 
nilpotent aG-subgroups is a Plotkin family (see also Lemma 4.3). We say that 
S satisfies the AC-normalizer condition if whenever S, T E S and T < S, then 
there exists a conjugate Ax of A in G such that T u TAX < S and A” < T. 
LEMMA 4.1. If S is a family of AC-subgroups of G, then S satisfies the 
AG-normalizer condition provided that whenever S, T E S, T < S, then 
T asc S. 
Proof. This is immediate from Lemma 3.5. 
If X is a subgroup of an arbitrary group Z, we say that X is quasiascendant 
in Z, and write X qasc Z if whenever we have X < Y < Z, then X” < Y for 
some z E Z - Y. Again by Lemma 3.5, every ascendant subgroup of a group 
is quasiascendant in that group. 
PROPOSITION 4.2. Let A be a subgroup of an arbitrary group G and let S 
be a conjugacy expanding Plotkin family of AC-subgroups of G satisfying the 
AG-normalizer condition. Suppose that Ax qasc (Ax, Av) whenever x, y E G and 
(Ax, Au) normalizes some member of S, and further that S has a maximal 
member L. Then 
(i) T=(S~S:S<L~L~forsomemaximalmemberL*fLofS) 
has no maximal member. 
(ii) For each T E T, there exists an infinite strictly ascending tower 
T = T1 4 T, 4 ... with TiETfor alli. 
We remark that (i) and (ii) hold rather trivially if T is empty. 
Proof. (i) In order to obtain a contradiction, assume that T contains a 
maximal element S, and that S < L n L*, where L* # L is a maximal 
member of S. Evidently S is properly contained in both L and L*, and so by 
the AC-normalizer condition, there exist elements x,y E G such that 
S 4 SAX <L, S 4 SA’J <L*, and neither A” nor Ay lie in S. Since S is 
Plotkin we have SAX, SAg E S. Therefore, as S is maximal in T and so 
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SAY $ T, we must have A’J < L. Since S is Plotkin and L is maximal in S, we 
have in fact A!’ 4 N = N,(L). 
Now (A”, A’J) = W normalizes S, and so, by hypothesis, Ax qasc W. 
Since we have seen that A” .< N n W < W, we have A”“’ < N for some 
w E W - N. Since S is Plotkin we have LA”” E S, and since L is maximal in S, 
we have 8,“lf’ <L. Hence A” < LLo-l n L. Notice however that W normalizes 
S, and so does Ax, hence SAX < Lw-’ n L. Now L”;m’ belongs to S since 
L1l’-l ;,z S E S and S is conjugacy expanding, and in fact L”‘-’ is maximal in S. 
Since SAX belongs to S but not to T, we must have L’“-’ = L and 
w E N,(L) = hT, a contradiction which establishes (i). 
(ii) Let T E T. Then T is not maximal in T by (i) and so we have 
I’ < T* E T. By the AC-normalizer condition we have T <I TAX < T* 
and A” Z& T, for some x E G. Since S is Plotkin, TAX E S, whence clearly 
TAX E T. Proceeding in this way, we build up the required tower. 
Proposition 4.2 can be applied to conclude the proof of Maximizer Lemma 1, 
after (32) has been established. We take S to be the set of all proper AC-sub- 
groups of G containing A, where A is ascendant in every proper subgroup of 
G which contains it, but not in G itself, and G satisfies Min. Clearly S is 
conjugacy expanding. Since A is ascendant in every member of S but not 
in G, no member of S can be normal in G, from which S is Plotkin. The 
AC-normalizer condition comes from Lemma 4.1 and the fact that every 
conjugate of A is ascendant in every member of S. We also need the fact that 
in a group with Min the join of any set of ascendant subgroups is ascendant- 
this can be deduced from [8, Theorem 4.21, after using Corollary 2.3 to 
reduce to the Cernikov case. If (A”, A!‘) normalizes some member of S it is 
certainly proper, and hence AZ is even ascendant in it. Since S has a maximal 
member L by the argument of Corollary 3.3, (32) and Proposition 4.2 show 
that T is empty, whence L is the unique maximal member of S since any 
such contains A E S. Since any member of S lies in a maximal one, L is the 
join of the members of S. Let A < H < G. Then AH E S and so A < AH <L. 
If h E H, then we deduce A <L n Lh. Therefore, L = Lh by the uniqueness 
of L, and so H < N,(L) = M. Then it is clear that M is the unique maximal 
subgroup of G containing A. 
It will be noticed that this way of completing the argument of Maximizer 
Lemma 1 takes as long as the direct argument. The justification for formulating 
Proposition 4.2 is that it has other applications, particularly to the theory of 
left Engel elements. To proceed in slightly more generality, let us say that 
a subset X of a group G is an Engel set if for each x,y E X, there exists 
11 = n(s, y) > 0 such that [x, .y] = 1. We say that X is a bounded Engel set 
if the n can be chosen independent of x, y. Clearly, if a is either a right or a left 
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Engel element of a group G then the conjugacy class Cl(a) of a in G is an 
Engel set, and similarly in the bounded case. 
We summarize one or two well-known facts below: 
LEMMA 4.3. Let a be an element of a group G and suppose that aG is an 
Engel set. Then 
(i) (a) qasc H for all a E H < G. 
(ii) The set of all finitely generated nilpotent aG-subgroups of G is a 
Plotkin family satisfying the aC-normalizer condition. The set of all locally 
nilpotent aG-subgroups of G is a Plotkin family. 
Proof. (i) Suppose a E X < H < G. If aH < X, then ah E X for any 
h E H - X. Otherwise, some conjugate b of a lies in H - X. As Cl(a) is an 
Engel set, we have [b, ,a] E X for some least n 3 0. As b $ X we have n > 0, 
and writing c = [b, ,-,a], we have c $ X but ac E X. 
(ii) By Gruenberg [l] Proposition 1, the set of all finitely generated 
nilpotent aG-subgroups of G is a Plotkin family. By Lemma 4.1 and the fact 
that every subgroup of a nilpotent group is subnormal, it satisfies the aG- 
normalizer condition (cf. also [6, Lemma I]). 
Now let S be a locally nilpotent subgroup of G and b a conjugate of a 
normalizing S. If c is any conjugate of a lying in S and we define c,, = c, 
C m+l = [cm , b] for m > 0, then we obtain that c, = 1 for some 12, as Cl(a) is 
Engel. We have c,,,~ = c,c,,+r (m > 0) and so, by Gruenberg [l] Lemma 2, 
b normalizes (co, c1 ,..., c,). This subgroup is therefore the normal closure 
of c,, = c under b, and is generated by finitely many conjugates of a. It 
follows from this that any finitely generated subgroup of S(b) lies in one of 
the form T(b), where T is generated by finitely many conjugates of a and is 
normalized by b. Therefore, by Gruenberg [ 1, Proposition 11, S(b) is locally 
nilpotent. 
THEOREM 4.4 (cf. Peng [6], Held [4]). Let G be agroup, a E G. Then 
(i) If G satis$es the maximal condition on abelian subgroups and Cl(a) is 
Engel, then aG is nilpotent. 
(ii) If G satisjes the minimal condition on abelian subgroups and ao is 
bounded Engel, then aG is finite and nilpotent. 
Proof. In both cases, we apply Proposition 4.2 to the set S of all nilpotent 
ac-subgroups of G. Since the maximal condition on nilpotent subgroups 
follows from that on abelian subgroups [9, Theorem 3.311, these are all 
finitely generated in case (i). In case (ii), since the minimal condition on 
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abelian subgroups implies that on locally nilpotent subgroups [9, p. 881, we 
even have that every locally nilpotent aG-subgroup of G is finite. This follows 
by the argument preceding Corollary Al, if we note that the maximal radicable 
subgroup of such a group must be central by [9, Lemma 3.131. Therefore S 
satisfies the maximal condition in either case. The hypotheses needed for 
Proposition 4.2 are now immediate from Lemma 4.3, and letting L be a 
maximal element of S we find, as S satisfies the maximal condition, that the 
set T of Proposition 4.2 must be empty. Since (1) E S this means that L 
must be the unique maximal element of S, and since every conjugate of a lies 
in such a maximal eIement, it fohows that L = a”. This establishes 
Theorem 4.4. 
Another more recent result on Engel elements in groups with Min is that 
of nlartin and Pamphilon [5]. W e conclude by showing how to deduce it from 
Proposition 4.2. 
THEOREM 4.5. Let a be an element of a group G sat&-iv&g the minimal 
condition on abelian subgroups. If Cl(a) is Engel and if G satisjes also the minimal 
condition on ac-subgroups, then aG is hypercentral. 
Proqf. We remark first of all that the minimal condition on abelian sub- 
groups implies that every locally nilpotent subgroup of G is a hypercentral 
Cernikov group [9, p. 881. W e consider the family S of all locally nilpotent 
aG-subgroups of G. This is conjugacy expanding, is Plotkin by Lemma 4.3, 
and satisfies the aG-normalizer condition by Lemma 4.1, since every member 
of S is hypercentral and so has all its subgroups ascendant. The quasi- 
ascendance condition needed in Proposition 4.2 follows from Lemma 4.3(i), 
and Zorn’s Lemma shows that S has maximal elements. If L is such, Proposi- 
tion 4.2 shows that 
T = 15’ E S: S < L n L* for some maximal member L* # L of S) 
has no maximal elements. If we can show that T = 7, Theorem 4.5 will 
follow in the same way as Theorem 4.4. 
Suppose then that T # c?. We have seen that L is a Cernikov group, and 
so, if Q(X) denotes the subgroup generated by the elements of prime order in 
a group X, then Q(D(T)) lies in the finite group Q(L)(L)) for all T E T. We 
may therefore choose U E T so that Q(D( U)) is as large as possible. Then 
C < L n L, for some maximal member L, # L of S, and if TI is the subgroup 
generated by the conjugates of a lying in L c\ L, , we have that TI E T and 
Q(D( TI)) = Q(D( U)). Using the fact that T has no maximal member, we can 
construct an infinite tower TI < T, < ... of members of T such that Ti is the 
join of the conjugates of a in L n Li for some maximal L, # L in S 
(i = 1, 2,...). 
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Let M = (JF!, Ti . By Lemma 3 of Martin and Pamphilon [5], there 
exists i such that every conjugate of a which normalizes Ti normalizes also M. 
Now Ti is a proper ascendant subgroup of the &-subgroup Li , and so, by 
Lemma 3.5, some conjugate b of a lying in Li - T, normalizes Ti Since Ti 
is the join of all the conjugates of a lying in L n L, , b $L. 
However, by the choice of i, b normalizes M. Thus M < L n Lb. Since 
/ M : Tl 1 is infinite, D(M) > D(T,) and so D(M) = Y x D( TJ for some 
nontrivial subgroup Y and Q(D(M)) > Q(D(T,)). By the choice of Tl , 
M $ T. Therefore L = Lb and b E N,(L). Since S is Plotkin we obtain that 
b EL, a contradiction which establishes Theorem 4.5. 
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